Current optical fiber-communication networks increasingly rely on wavelength-division multiplexing (WDM) technologies in conjunction with optical time-division multiplexing (OTDM) of individual WDM channels. The combination of high-repetition-rate data streams with a large number of WDM channels has pushed transmission rates to nearly 1 TB/s, creating a demand for all-optical transmission sources that can generate pico-second modelocked pulses at various wavelengths. Through nonlinear mode-coupling in a wave-guide array and a periodically applied multi-notch frequency filter, robust multi-frequency mode-locking can be achieved in a laser cavity in both the normal and anomalous dispersion regimes. We develop a theoretical description of this multiplewavelength mode-locking, and characterize the mode-locked solutions and their stability for an arbitrary number of frequency channels. The theoretical investigations demonstrate that the stability of the mode-locked pulse solutions of multiple frequency channels depends on the degree of inhomogenity in gain saturation. Specifically, only a small amount of inhomogeneous gain-broadening is needed for multi-frequency operation in the laser. In this presentation, the conditions on the system parameters necessary for generating stable mode-locking is explored for arbitrary number of frequency channels. The model suggests a promising source for multi-frequency photonic applications.
INTRODUCTION
Current optical fiber-communication networks increasingly rely on wavelength-division multiplexing (WDM) technologies in conjunction with optical time-division multiplexing (OTDM) of individual WDM channels. The combination of high-repetition-rate data streams with a large number of WDM channels has pushed transmission rates to nearly 1 TB/s.
1 This has created a demand for all-optical transmission sources that can generate picosecond mode-locked pulses at various wavelengths. 2 We develop a theoretical description, based upon wave-guide array technology, of this multiple-wavelength mode-locking, and characterize the mode-locked solutions and their stability for an arbitrary number of frequency channels. Specifically, through nonlinear mode-coupling in a waveguide array and a periodically applied frequency filter, robust multi-frequency mode-locking can be achieved in a laser cavity.
For pulsed lasers, the past decade has focused on the use of Erbium-doped fibers in actively and passively mode-locked fiber lasers operating in both the normal and anomalous dispersion regimes (see [3] and references therein). This is in part due to the minimal loss of optical fibers at 1550 nm, and the maturation of Erbium-doped fiber as the basic component for optical lasers and amplifiers. Many passive modelocking schemes have been successfully demonstrated including modelocking via nonlinear interferometry in the figure eight laser, [4] [5] [6] [7] polarization rotation in the ring laser, [8] [9] [10] [11] and a linear cavity configuration which utilizes the fast saturable absorption of a semiconductor structure. [12] [13] [14] [15] The key underlying feature of each modelocked laser is the intensity-discrimination which is achieved by the modelocking mechanism. 16 The additional loss imparted upon low-intensity portions of the pulse, whether it be dispersive radiation or the wings of a pulse, gives the necessary pulse shaping required to achieve stable modelocking operation. 16 This loss of the electromagnetic field is balanced with the Erbium amplifier, thus allowing for stable and robust mode-locking.
The intensity-discrimination considered here results from the nonlinear mode-coupling in a wave-guide array. 17, 18 The mode-locking operation for this wave-guide array based laser generates robust and stable modelocked pulses which are global attractors to the cavity in both the normal and anomalous dispersion regimes. To generate multi-frequency mode-locking, we propose to place a multi-notched spectral filter in the laser cavity. This results in a periodic, frequency-dependent attenuation of the electromagnetic field. This frequency selection mechanism allows for multi-frequency mode-locking.
GOVERNING EQUATIONS
The evolution of the electromagnetic field in the laser cavity is subject to several key physical effects. In addition to the inherent effects of chromatic dispersion and self-phase modulation, the laser cavity provides a saturating gain to counteract the net laser cavity losses. Furthermore, successful mode-locking requires some form of intensity discrimination (saturable absorption) to generate ultra-short pulses. We present the governing equations in the laser cavity which includes a wave-guide array for the intensity discrimination. 17, 18 In order to characterize the stability of the mode-locked solutions, we consider a frequency-component reduction of the governing equations which allow for the construction and characterization of exact mode-locked solutions. This gives a comprehensive theory and treatment of the multi-frequency mode-locking behavior.
The inclusion of chromatic dispersion, self-phase modulation, attenuation, bandwidth limited gain, and an intensity-discrimination element comprise the key components of a laser cavity. Averaging over all these physical effects that occur per round trip in the laser cavity, a master mode-locking model has been developed that uses generic nonlinear loss to provide the necessary intensity discrimination. 16 Using a more physically realistic mechanism for intensity discrimination, an equivalent mode-locking model has been developed based upon the nonlinear mode-coupling (NLMC) in a wave-guide array . [17] [18] [19] The governing equations can be shown, via an averaging method, to result in a coupled set of partial differential equations for the electric field in each of the coupled wave-guides. 19 Unlike the master-modelocking model, however, this model is quantitatively accurate. Figure 1 shows a typical ring cavity configuration which includes these physical effects in addition to a spectral filter for achieving multi-frequency operation (Fig. 1b) . It is important to note that in this Subsection, the spectral-filtering is not included in the average equations. Rather, the spectral filtering is applied once every round trip of the laser cavity. The coupled wave-guide fields are governed by
with the bandwidth limited gain given by
Here u, v, and w are the electric field envelopes in the center waveguide (zeroth) (u), the first (v) and second (w) wave-guides respectively, 19 Z is the propagation distance in the boosted frame of reference, T is the time normalized by the characteristic full-width half-maximum mode-locked pulse width, and
The fields and space-time variables have been normalized via standard soliton scalings. [17] [18] [19] The parameters β i , C, γ i , and τ correspond to the normalized values of the average self-phase modulation in the appropriate waveguide channel, average linear wave-guide coupling per round trip of the laser cavity, the loss in the appropriate wave-guide channel and the amplifying gain bandwith. In the soliton normalization, [17] [18] [19] the parameter D = ±1 determines wether we are in the anomalous (D = 1) or normal (D = −1) group velocity dispersion (GVD) regime. Note that the coupling between neighboring waveguides is due to the evanescent field. Provided the waveguides are sufficiently well-separated, the coupling is linear as proposed.
Equations (1) include all the dominant physical effects for single-frequency pulse generation. Proctor and Kutz 19 showed that stable and robust mode-locking occurs in this model for physically realistic parameter values.
19 Indeed, the wave-guide array as a mode-locking element provides a quantitative, asymptotically valid model which generates a mode-locked pulse solution as a global attractor. In multi-frequency mode-locking, the idea is to simultaneously generate mode-locked pulses at more than a single carrier frequency. Figure 1(b) shows the spectral filtering which is applied periodically to the laser cavity. For multi-frequency operation (N −channels), it is imperative that the gain-bandwidth (Ω g ) be substantially larger than the spectral-filtering width Ω i (i = 1, 2, · · · , N) of the individual frequency channels. The notch-frequency filter acts as a selection mechanism which allows only a limited number of frequencies to persist in the laser cavity. With this simple filter design and its application once per round trip, robust and stable mode-locking can be achieved at all the frequencies allowed by the filter. Additionally, the configuration can be modified so as to favor only a limited number of frequencies.
To make further connection with experiment, recent work by Wise and co-workers [21] [22] [23] has demonstrated robust mode-locking with intra-cavity filter insertion. Indeed, by increasing the gain in the cavity to overcome the additional attenuation due to the spectral filtering, they find excellent performance characteristics for their laser. In such a configuration, the filter notches are easily tunable in the range from 4-8 nanometers. For a typical erbium-doped fiber gain bandwidth of 30 nanometers, for instance, it is conjectured that placing a filter with two transmission windows of 4-8 nanometers spaced apart (center-to-center) by 10 nanometers would lead to dual-frequency mode-locked operation. For a larger number of channels, the filter windows must either be narrowed to fit more channels under the gain bandwidth, or gain-flattened erbium amplifier technologies must be used to broaden the gain bandwidth window. In theory, the spectral filtering must allow sufficient spacing between neighboring frequency channels in order to avoid cross-talk due to nonlinear frequency mixing and other pernicious effects. This imposes a limit on how tightly packed the various frequency channels can be before the multi-frequency mode-locking theory breaks down. In addition, the intra-cavity filtering must occur rapidly enough in order to avoid the significant spectral broadening that occurs due to self-phase modulation. This imposes a second fundamental constraint on the repetition rate of the laser cavity. Regardless, the spectral filtering technology is feasible and has been demonstrated for use in single-frequency operation.
21-23

MODE-LOCKING DYNAMICS
Numerical simulations of Eq. (1) and (2) are performed using a spectral discretization in the time variable T and a 4th-order Runge-Kutta method for stepping forward in the propagation variable Z. The simulations explicitly demonstrate that the mode-locked solutions act as global attractors in the laser cavity. In what follows, special emphasis is given to the dual-and five-frequency mode-locking in both the normal and anomalous dispersion regimes. These two examples illustrate all the key features of the multi-frequency mode-locking dynamics. For the simulations that follow, we choose the physically relevant values β 0 = 8, β 1 = β 2 = 4, C = 5, γ 0 = γ 1 = 0, and γ 2 = 10.
20 The values associated with the gain bandwidth and spectral filtering are given in the individual simulations below. It should be noted that during one cavity round-trip, the pulse undergoes large deformations due to the filtering, amplification, and pulse-shaping.
Dual Filter Application
The simplest realization of multi-frequency mode-locking is the case of two frequencies. Figure 2 illustrates the basic spectral interplay between the spectral filter (Ω −1 and Ω 1 ) and bandwidth-limited gain (Ω g ) which is determined by τ . For the dual-frequency mode-locking illustrated here, individual notches are approximately one-fourth of the FWHM gain bandwidth, i.e. the filters would be 6-8 nanometers for a 24-32 nanometer gain bandwidth. Figure 3 illustrates the mode-locking dynamics in the normal dispersion regime with g 0 = 4.3. The normalized gain bandwidth is characterized by τ = 0.1 so that the FWHM Ω g = 4.4 (see Fig. 2 ). The filter widths are Ω ±1 = 1 with a center position at Ω = ±1 respectively. The spectral filter is applied every Z = 10 units. The plot of the spectrum and time-evolution is shown one unit in Z after filtering, i.e. this is equivalent to an output coupler. The figure clearly shows the evolution settles to the desired mode-locked solution. Recall that during one cavity round-trip, the pulse undergoes large deformations due to the filtering, amplification, and pulse-shaping. However, at the output coupler, the temporal evolution demonstrated in Fig. 3(b) -(c) are locked into a steady bound-state. The spectral evolution in Fig. 3(a) also clearly demonstrates the dual-frequency operation. The mode-locking in the normal regime is highly robust and produces stable mode-locking for a wide range of parameter space. Figure 4 illustrates the mode-locking dynamics in the anomalous dispersion regime with g 0 = 1.8. The normalized gain bandwidth is characterized by τ = 0.01 so that the FWHM Ω g = 14.1. The filter widths are Ω ±1 = 4 with a center position at Ω = ±4 respectively. The spectral filter is applied every Z = 15 units. The plot of the spectrum and time-evolution is shown 0.5 units in Z after filtering. Again the evolution settles to the desired steady bound-state solution shown in Fig. 4(b)-(c) . The spectral evolution in Fig. 3(a) again demonstrates the dual-frequency operation. The sharper separation in frequencies from the normal regime is largely due to the more immediate output coupling following the spectral filtering. In the anomalous regime, stable operation requires a small filter to output distance compared to the filter to filter period. Although the mode-locking in the anomalous regime starts from white-noise, its range of stable operation as a function of parameter space is much less robust. This suggests that special care must be taken in constructing an anomalous dispersion laser cavity with spectral filtering.
Multi-Filter Application
To explore beyond dual-frequency operation, we consider a five-channel mode-locking configuration. Figure 1(b) illustrates the spectral filtering components due to filter application (Ω j where j = −2, −1, 0, 1, 2) and bandwidthlimited gain (Ω g ). For the 5-frequency mode-locking illustrated here, the individual notches are approximately one-sixth of the FWHM gain bandwidth, i.e. the filters would be 4-5.3 nanometers for a 24-32 nanometer gain bandwidth. Figure 5 illustrates the mode-locking dynamics in the normal dispersion regime with g 0 = 4.3. The normalized gain bandwidth is characterized by τ = 0.1 so that the FWHM Ω g = 4.4 (see Fig. 1(b) ). The filter widths are Ω j = 0.8 (j = −2, −1, 0, 1, 2) with a center positions at Ω = −3.3, −1.7, 0, 1.7, 3.3 respectively. The spectral filter is applied every Z = 10 units. The plot of the spectrum and time-evolution is shown one unit in Z after filtering. The figure clearly shows the evolution settles to the desired mode-locked solution. The temporal evolution of the five channels are displayed in Figs. 5(b)-(f) . Note that all channels, despite differing group-velocities, are clearly locked into a bound-state which moves at the average group-velocity of the five channels. In this case, symmetry about zero-frequency gives the average group-velocity to be zero. Figure 5 the five-frequency operation. As with the dual-frequency mode-locking, the mode-locking here is highly robust and produces stable mode-locking for a wide range of parameter space. Fig. 6(b)-(f) . Again, the mode-locking in the anomalous regime is much less robust than in the normal regime. Further, for normal mode-locking the energy is distributed equally between channels while for anomalous the energy follows the gain bandwidth.
To make further connection with experiment, typical values of the mode-locked pulses can be estimated from the simulations presented. For the anomalous regime, if a 30 nanometer gain bandwidth is assumed, then the filter windows assumed in the simulations are approximately 7 nanometers in width. Since the mode-locked pulses are nearly transform limited, this results in mode-locked pulses with a temporal duration on the order of a picosecond. The cavity chromatic dispersion is critical in determining this exact value. In the normal dispersion case, we can turn directly to recent experiments by Wise and co-workers [21] [22] [23] in which sup-picosecond pulses were generated in what is effectively the single-frequency operation of the laser proposed here. As stated earlier, their filter notches were easily tunable in the range from 4-8 nanometers. Thus for multi-frequency operation, the individual channels are expected to have approximately the same pulsewidth and energy as demonstrated in experiments.
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CONCLUSIONS
In this paper, it has been shown that the addition of a spectral filter in a laser cavity allows for robust and stable multi-frequency mode-locking in both normal and anomalous dispersion cavities. Indeed, stable and bound-state mode-locking at multiple frequencies can be supported. A theoretical framework for characterizing the modelocking dynamics and stability at the N simultaneous frequencies is developed. Stability is characterized by considering a theoretical model which averages in the effect of the spectral filtering. In doing so, the linear stability can be explicitly calculated in a semi-analytic fashion. This gives significant insight towards understanding both the operation and stability regimes of multi-frequency mode-locked pulsed lasers and recently observed dualfrequency mode-locking experiments.
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The filter, which is assumed to be a simple notch-type filter with a given bandwidth, acts as a selection mechanism for the multiple frequencies. Of critical importance for mode-locking operation is the cavity length, period of filter application, and output coupler distance from filter. In the normal dispersion regime, stable and robust multi-frequency mode-locking is achieved for a large parameter space. In the anomalous dispersion regime, stable multi-frequency mode-locking is also achieved. However operation is restricted to a smaller parameter space and stable operation is critically dependent upon balancing the key parameters of the cavity length, filter position, and the spectral profile of the filter itself. In particular, it is necessary to have a small filter to output coupler distance compared to the cavity round trip.
Thus the mode-locked bound states formed in the mode-locking process provide an ideal technological basis for multi-frequency photonic applications. Interestingly enough, the mode-locking process counteracts the effects of group-velocity walk-off between neighboring frequency channels, giving rise to a bound-state which propagates at the average group-velocity of the N channels. Given the growing importance of WDM/OTDM technologies, the N -channel mode-locking model provides a promising source for stable multiple frequency generation and warrants further exploration. 
